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Abstract: 
 
Unsteady effects in attached flow are of importance 
for the damping of edge wise vibrations, also for pitch 
regulated  wind turbines. 
In a number of aeroelastic codes, these effects are 
treated with the classical Theodorsen model. This is 
the case when the Leishman Beddoes [1] model is 
used, in which the Theodorsen model is included. 
However, Theodorsen’s model is based on 2D flow. 
Although 2D flow is also the basis for profile 
aerodynamics on rotating blades in the BEM method, 
especially the shed wake part of the flow is definitely 
different in the rotating blade case. The difference 
between the 2D and the 3D rotating case was 
quantified in [2] as far as induced velocity is 
concerned. However in that paper, no link was made 
to unsteady aerodynamic forces. This part is fully  
developed in the present paper. The expression for 
aerodynamic lift is cast in the form of so called quasi-
steady lift force as often used in BEM modelling, plus 
and additional part that results from the present theory. 
Also, a unsteady drag force is identified and 
quantified.  
Application of the theory to the aerodynamic damping 
of in-plane vibrations will be shown at the conference.  
Keywords: wind turbine rotors, modelling, 
unsteady aerodynamics 

Symbols 
 
Al ,Aip, Αθ  Flap, inplane and torsional amplitudes of 

vibration 
An  Fourier coefficients of non-dimensional 

bound vorticity distribution 
a  center of torsional deformation,  
Bn  Fourier coefficients of camber line slope. 
c  local chord [m] 
Cl  lift coefficient 
Cd  drag coefficient 
D  rotor diameter [m] 
f  non-dimensional frequency [P] 
h  section displacement normal to free flow 

velocity 

k  reduced frequency of vibrations 
L  lift force 
r  radial position [m]  
R  rotor radius 
T  period [s] 
U  effective inflow speed [m/s] 
Urel relative inflow speed defined in (2) 
wb  velocity component normal to free flow 

velocity,  related to bound vorticity 
ww  velocity component normal to free flow 

velocity, related to shed wake vorticity 
x,zc  coordinate system for profile camber line 
 
 
α  angle of attack 
αeff  effective angle of attack, defined in (2) 
αiw  angle due to average wake induction, see (8) 
Φ  velocity potential function  
Γ  bound vortex strengh, or discretized shed  
 vortex strength 
λ tip speed ratio 
κ  reduced frequency 
Ψ  phase angle 
τ  nondimensional time 
Ω         speed of rotation (rad/s) 
θ  transform variable in figure 1 and eq. (5) 
 
1 Introduction 

In ‘extended BEM’ models, as used in state of the art 
aero-elastic response programs for wind turbines, two 
different types of unsteady aerodynamic effects are 
modelled: 
Induction unsteadiness, as a result of the time varying 
global load on the wind turbine is approximated by 
dynamic inflow modelling, with a relatively long 
global time scale of O(f(r/R)D/U). Note however that, 
as indicated in the expression, this time scale depends 
on the radial position and close to the tip, it becomes 
small. 
Changes on blade section level, with a time scale of 
O(c/Ωr) are modelled as unsteady airfoil 
aerodynamics. 
Conceptually the first type of unsteadiness can be 
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associated with trailing vorticity, in fact it is usually 
modelled on that basis, see e.g. [3]. The second type is 
linked to (among other items) shed vorticity. It is of 
great importance for aerodynamic damping and aero-
elastic stability. It is often included in aero-elastic 
codes for separated flow conditions, through a 
dynamic stall model.  
However, there are unsteady airfoil effects present in 
attached flow also, which do play a role in 
aerodynamic damping of edge wise vibrations and are 
now being recognised as important for stability, also 
for pitch controlled wind turbines, close to nominal 
wind speed. Some researchers, see [4] and [5], have 
used the classical Theodorsen model to describe the 
unsteady aerodynamic forces in attached flows. 
Theodorsen’s model was first described in [6] and has 
been expounded in many textbooks, e.g. [7]. This 
theory is basically a two-dimensional potential flow 
model for unsteady thin airfoils. Conceptually, the 
determination of unsteady forces in this theory can be 
divided into the following parts:  
1. an effective angle of attack resulting from relative 

motion of the airfoil with respect to an inertial 
system. 

2. an induction part, related to the time varying shed 
vorticity wake of the section.  

3. Solution of the Laplace equation (incompressible 
flow) with modified boundary conditions due to 
1. and 2. for the velocity field 

4. Determination of the pressure distribution (and 
resulting forces) through the unsteady form of the 
Bernoulli equation, containing the time derivative 
of the velocity potential, which is the flow inertia 
term. 

In Theodorsen’s theory, the shed vortex wake with 
varying vorticity of item 2. is in a straight plane, 
emanating from the trailing edge of the section, with 
the vorticity vector in span wise direction. 
However for a wind turbine rotor, this conceptual 
picture is no longer correct. The shed vorticity will be 
on a helicoidal surface in the turbine wake. The 
situation on one blade will not only be influenced by 
its own wake, but also by the shed vorticity wakes of 
the other rotor blades, which pass at a relatively small 
distance downstream of the blade in question.  
This specific problem was addressed by Loewe [8] for 
helicopter applications, adapting Theodorsen’s theory 
to contain not one single wake, but in principle an 
infinite number of wakes, resulting from the additional 
blades, and the ‘returning wakes’ (after an infinte 
number of revolutions) of the blade in question and of 
the additional blades in the rotor. The ‘returning 
wakes’ are a model for the helical geometry of the 
wake, which is not exact, but still enables a 2D 
modelling. 
However, there is an additional problem with the 2D 
method, for the rotor case, which should be addressed. 
This can best be appreciated from the single blade 
case. A section at the centre of the blade can be 

thought to ‘see’ a vortex sheet extending far to both 
sides, tip and root, modelled as an infinite sheet. 
However, a section close to the blade tip would be 
better modelled by a half infinite vortex sheet, since 
the blade that produces this sheet extends to one side 
only. Hence at the tip one might expect an effect of 
the sheet of order ½ times the Theodorsen result.  
These considerations finally lead to the idea that it 
would be preferable not to effect a 2D analysis, but to 
introduce a radial dependence of the shed vorticity 
effect. In that case, there is no need to maintain the 
Loewe approximation of planar sheets, but a helical 
configuration of the shed vorticity can be applied. This 
is the approach taken in the present study. This 
approach also makes it straightforward to apply phase 
shifts in the shed vorticity of the different blades in a 
rotor. In this way it becomes possible to differentiate 
between different rotor modes of vibration.  
The effect of these ideas on the ‘induced’ velocity was 
shown to exist in reference [2]. The result for unsteady 
aerodynamic forces is the subject of the present paper. 
 
2 Resume of Theodorsen’s method 

Ref. [7] includes a clear description of Theodorsen’s 
method. The method is based on two dimensional thin 
airfoil theory for incompressible flow, and makes use 
of Glauert’s solution for thin airfoils in steady flow, as 
described in [9]. In the solution process a vorticity 
distribution on the profile is derived that satisfies the 
condition that the local flow be parallel to the thin 
profile’s camber line, see figure 1. Note that the x-
direction in this figure is the direction of the 
undisturbed flow speed U. 
 
 
 
 
 
 
 
 
Figure 1. Geometry definition 
 
The flow tangency condition is in fact applied on the 
line z = 0, which constitutes the linearisation of the 
process. Glauert’s solution for the vorticity 
distribution takes the form of a series expansion in 
terms of the transformed variable θ  (0 to π) defined in 
figure 1. It can be shown that the lift force only 
depends on the first two terms of this expansion.  
For a time dependent situation, in which the airfoil 
describes some motion, this solution is still 
instantaneously valid, but using the relative velocity 
with respect to the airfoil. This is due to the fact that 
the kinematic flow equation is the Laplace equation  
for the velocity potential (i.e. the continuity equation 
for irrotational flow), not containing any time 
dependence. This corresponds to item 3. of the 
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previous section. However, in the boundary condition 
on the camberline, both the section’s motion and the 
wake induction effect (items 1. and 2. of the previous 
section) must be accounted for. Moreover, the 
dynamic flow equation (the unsteady Bernoulli 
equation) now contains the time derivative of the 
velocity potential, corresponding to forces needed to 
set fluid masses into motion as a result of the sections 
motion. This corresponds to item 4. of the previous 
section.  
The flow tangency boundary condition to be satisfied 
on z = 0 (projection of the camber line) takes the form:  
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where wb is vertical velocity component that must be 
provided by the bound vorticity distribution on the 
section, dh/dt is the sections velocity component in z 
direction dx/dt in x direction and dθ/dt is the pitching 
speed about a point on the chord at x=a. If the profile 
pitches about the quarter chord point, we have a  = ¼.  
Finally, ww(x,t) is the wake induced induction, as 
function of time and location. Hence wb + ww provides 
the needed vertical component to have flow tangency 
at the moving camber line. Note that only wb most be 
resolved at each point in time, while ww results from 
the past history of the bound vorticity. 
The equation (1) can be cast into a form that can be 
related to common practice in wind turbine 
aerodynamics: 
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With: 

dt
dh

Udt
dx

UU
rel

effrel
1

; −=−= αα ,  (2) 

we have  

( )
dt
d

ax
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Uww eff
c

relwb
θ

α −−







−=+  (3) 

 
In quasi steady approximations in wind turbine 
aerodynamics, oftentimes the instantaneous 
aerodynamic loads are determined as if Urel and αeff 
were steady parameters, i.e. as a steady response to the 
instantaneous values of these time varying quantities. 
The effect of pitching speed on the aerodynamic 
quantities is usually neglected in the quasi steady 
approximation. This paper will develop a way to write 
the unsteady aerodynamic forces in terms of these 

same quantities, but with additional corrective 
expressions. 
 
3 Adaptation to the turbine rotor 
case 

As discussed in the introduction, the wake induced 
velocity ww will not be determined from 2D theory, 
but obtained from a prescribed wake formulation, 
regarding the position of the shed vorticity. It will be 
shown in this section that the formulation can be 
choosen such that the wake effect is contained in an 
term additional to a formulation without wake effects. 
Modeling the effect of the section by a (bound) 
vorticity distribution of strength γ(x,t)on the projection 
of the camber line, the following expression results for 
wb: 
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In Glauert’s solution method for the steady case, the 
slope of the camber line is expanded into a Fourier 
cosine series, in terms of the θ variable defined in 
figure 1, related by the chord-wise variable x through:  
   

θcos
2
cx −=          (5) 

 
In the present work, the induction ww due to the shed 
vorticity wake will be treated as a modification of the 
camber line. The average value over the chord of this 
induction should then be interpreted as an 
modification of the angle of attack (constant slope). 
Hence: 
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The camber slope is given by the Bn coefficients 
(constant in time) while the time varying influence of 
the wake is given by the ∆Bn coefficients, resulting 
from expanding the calculated upflow distribution due 
to the shed wake. 
The solution for the velocity field is then obtained just 
as the Glauert solution, but with the modified camber 
given by  the left-hand-side of (6). The resulting 
expression for the bound vorticity has the form of 
Fourier sine series, with an additional term that is 
known as the leading edge singularity term. In fact: 
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Application of the equation then (1) then gives 
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where αiw  is the wake induced change in angle of 
attack, indicated above: 
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and αeff is the effective angle of attack including the 
section’s motion, as defined in (2). Note that (7) is 
identical to the classical results (e.g. [7]), with the 
exception of the αiw term and the ∆Bn’s. 
Just like in steady analysis, it can be shown that the 
total bound circulation, the integral of the vorticity 
distribution over the chord, depends on the first two A 
coefficients only: 
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Note that the shed vorticity obeys Kelvin’s law for the 
consvervation of vorticity, i.e. in each time interval ∆t 
a quantity of vorticity is shed from the trailing edge, 
equal to: 
 

t
dt

d bound
shedw ∆
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while the shed vorticity already present in the flow 
field is convected further into the wake. Since this 
newly shed vorticity at a certain time step influences 
the induced velocities and hence (through αiw and the 
∆B’s) the bound vorticity, it is clear that it must be 
determined in an iterative manner. 
 
 
 
 
4 Forces for the unsteady case. 

The aerodynamic force is calculated as the integral of 
the pressure difference over the projection of the 
camber line. For the unsteady case, pressures obey the 
unsteady form of the Bernoulli equation (item 4. of the 
Introduction): 
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where Φ is the disturbance potential due to the 
presence of the section and the wake. The integration 
of the pressure difference is a rather involved process. 
Result can be found in literature, e.g. [7]. In terms of 
the coefficients of the bound vorticity distribution, the 
lift force can be written as: 
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The first part of this expression can be recognized as 
due to the instantaneous value of the bound vorticity, 
see (9), while the second part results from the time 
derivative of the velocity potential. This ‘inertial’ part 
reflects forces due to the acceleration of fluid masses 
resulting from the section’s unsteady  motion. The 
effect of the wake induction is included in this 
formulation, since the A coefficients include the ∆B 
coefficients, see (7). The factor 2π in both parts of 
(11) can be recognized as the theoretical slope of the 
lift coefficient for a thin airfoil. In the following 
formulations, this factor will be replaced by dCl /dα 
Writing this expression in non-dimensional form, 
using the relations (7), and 
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(where α0 is the zero lift angle of attack for steady 
flow) the following results is obtained for the lift 
coefficient Cl: 
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This expression is based on torsional deformation 
about the c/4 position (i.e. a = c/4), at which point the 
vertical displacement velocity dh/dt is defined.  



 

 

As discussed in the introduction, the first term, that 
includes effects of the section’s motion but not 
torsion, is the so-called quasi-steady lift coefficient. 
The approach taken in this study is then to write the 
lift coefficient in simple terms as an addition of the 
quasi steady value and a ∆Cl, th, defined by (13) and 
(14): 
 

thleffsteadyll CCC ,, )( ∆+= α   (14) 
 
Note further that the (linear) motion of the blade 
section, which is usually decomposed in an in-plane 
and flap component, must be decomposed in the 
direction of the relative speed and normal to that, for 
the section to be considered. Hence a rotation of the 
motion over the inflow angle Φinf must be performed. 
If the modal shape of a blade vibration is given in the 
form of a deformation vector d: 
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then the expressions for the different deformational 
velocities in the x,z system are: 
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while for the accelerations,  
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With the aid of these expression, the ∆Cl,th can be 
expressed in terms of the reduced frequency k = 
ωc/2Urel: 
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For the rotating case, the reduced frequency 

approximately equals 
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if f is the non-dimensional frequency in P’s. From (18) 
it is clear that the value of ∆Cl,th will depend on the 
vibrational amplitudes, and on k. Note that at inboard 
sections on the blade, k is larger, but the amplitude is 
smaller, in comparison with outboard sections. Hence 
it can be expected that the unsteady effect has a 
relative importance that is approximately the same 
along the blade. 
 
With the lift force tilted over an angle αiw  with 
respect to the normal to αeff  (due to the shed wake 
induction), a force in the direction of αeff   is 
introduced. This forces will be taken as the (unsteady) 
drag force similar to Prandtl’s induced drag for a 
slender wing. The corresponding total drag coefficient 
follows from: 
 

iwlDdd CCC αtan2, +=  
 
Note that αiw will not always by positive, depending 
on the direction of the induced up-flow. 
 
5.  Application to the estimation 
of lead lag vibrations of a rotor 
blade 

The model described above will be implemented in a 
program to calculate the energy transfer between a 
blade and the aerodynamics for an in-plane vibration. 
The shed wake induction effect will be treated 
numerically. 

The resulting aerodynamic damping will be compared 
by values obtained with the quasi steady approach.  
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